We give complete classification of C 2 -regular and non-degenerate projectively Anosov flows on three dimensional manifolds. More precisely, we prove that such a flow on a connected manifold must be either an Anosov flow or represented as a finite union of T 2 × [0, 1]-models.
Introduction
In [5] , Mitsumatsu has shown that every three dimensional Anosov flow induces a pair of contact structures called a bi-contact structure. He has also given a natural correspondence between bi-contact structures and projectively Anosov flows, which form a wider class than Anosov flows. In [2] , Eliashberg and Thurston have also studied three dimensional projectively Anosov flows (they have called conformally Anosov flows in their book) in the view point from confoliations, which are mixture of foliations and contact structures.
A projectively Anosov flow is defined as follows. Let Φ = {Φ t } t∈R be a flow on a manifold M and T Φ denote the one-dimensional subbundle of the tangent bundle T M given by the flow direction. The flow Φ induces a flow {DΦ t } on T M/T Φ. We say a continuous splitting T M/T Φ =Ẽ u ⊕Ẽ s is a PA splitting associated to Φ if it satisfies that 1. DΦ t (Ẽ σ ) =Ẽ σ for every σ = u, s and t ∈ R, 2. there exist constants C > 0 and λ ∈ (0, 1) such that
for all z ∈ M and t > 0.
A flow is called a projectively Anosov flow (or simply PA flow) if there exists a PA splitting associated to it. The subbundles E u , E s such that E u /T Φ =Ẽ u and E s /T Φ =Ẽ s are called the unstable and the stable subbundles for Φ respectively. Remark that Φ is an Anosov flow if there exist a Φ-invariant continuous splitting T M/T Φ =Ẽ u ⊕Ẽ s and constants C > 0, λ ∈ (0, 1) such that (DΦ t |Ẽ u (z) ) −1 ≤ Cλ t and DΦ t |Ẽs (z) ≤ Cλ t for all z ∈ M and t > 0. In particular, an Anosov flow is a PA flow.
We say a PA flow or an Anosov flow is C r -regular when both E u and E s generate C r foliations. On three dimension manifolds, it is known that but a PA flow is not C 1 -regular in general while every Anosov flow is C 1 -regular. In [3] , Ghys has given complete classification of three dimensional C 2 -regular Anosov flows. More precisely, he has shown that such an Anosov flow must be equivalent to either a quasi-Fuchsian flow or the suspension of an Anosov diffeomorphism on the torus. A natural question is whether three dimensional C r -regular PA flows have such good models or not. Noda and Tsuboi have obtained positive answers for flows on some manifolds.
Theorem ( [8] , [9] [10], [11] See [8] for the definition of T 2 × [0, 1]-models. In their proof, they have used and developed the theory of codimension one foliations on the above manifolds.
In this paper, we give another approach to the classification of regular PA flows on three dimensional manifolds. A dynamical system is called non-degenerate if all periodic orbits are hyperbolic. It is known that C r non-degenerate systems are generic in the space of C r dynamical systems for every r ≥ 1. In [12] , Pujals and Sambarino have shown that if the non-wandering set of a two dimensional C 2 non-degenerate diffeomorphism has a dominated splitting then it has a hyperbolic splitting except on some normally invariant circles with rotational dynamics. The Pujals-Sambarino theory has been extended to three dimensional flows by Arroyo and Rodrigues Hertz [1] . With the help of their theory, we classify three dimensional C 2 -regular and non-degenerate PA flows completely. We remark that it is easy to extend the main theorem to that for C 2 regular PA flows of which the set of all non-hyperbolic periodic orbits forms the union of some compact leaves. This condition is equivalent to no existence of periodic orbits along which the linear holonomy of the invariant foliation is trivial and the holonomy is non-trivial. Therefore, the solution of the following problem will finish classification of C 2 regular PA flow in three dimension.
Problem. Does the trivial linear holonomy of one of the invariant foliation along a periodic orbit imply the trivial holonomy?
The sketch the proof of the main theorem is the following. In section 2, we develop the theory of invariant foliations non-degenerate C 2 PA flows. In particular, we show the existence of the strong unstable foliation F uu except on attracting periodic orbits and normally attracting invariant tori. Section 3 is the main part of the proof. In this section, we show the following theorem. Hence, the theorem of Arroyo and Rodrigues Hertz implies that a C 2 -regular and non-degenerate PA flow without invariant tori is an Anosov flow.
In Section 4, we show that existence of an invariant torus T implies that the existence of an embedded T 2 × [0, 1] in both sides of T of which boundary is the union of T and another invariant torus It implies that the manifold is T 2 bundle over S 1 . Hence, the proof of the main theorem is completed by Noda's classification in [8] .
Acknowledgment The author is thankful to Takeo Noda for many fruitful discussions. In particular, he has pointed out that the result of Mossu and Roussarie is useful to the proof of Proposition 4.1.
C
2 non-degenerate PA flows
Fix a three dimensional closed manifold M and a non-degenerate C 2 PA flow Φ = {Φ t } on M . We fix a metric · on T M and d(·, ·) be the distance given by the metric. Let T M/T Φ =Ẽ u ⊕Ẽ s be the PA splitting associated to Φ, E u and E s the unstable and the stable subbundles. By {DΦ t } and {DΦ t } we denote the flows induced by Φ on T M and T M/T Φ respectively. Without loss of generality, we can assume that DΦ t | T Φ(z) = 1 for all z ∈ M . In this section, we do not assume that
We define the unstable and the stable sets W u (Λ) and W s (Λ) by
The following is an immediate corollary of Theorem B of [1] . For a subset K of M and a non-negative function δ(z, t) on K × (0, ∞), we say δ has uniform exponential decay on K when there exist C > and λ ∈ (0, 1) such that δ(t) ≤ Cλ t for all t ≥ 0 and z ∈ K.
Proof. Since Ω 0 is an attracting set, there exists a compact set
converges to zero as t→∞ for
. For every z ∈ K and t > T , there exist sequences {t k } n k=0 and {i k } n k=1 such that t 0 =, t j −t j−1 = T ij and Φ tj−1 (z) ∈ U ij for all j, and t − t n < T . Hence, we obtain that DΦ Proof. Let R(Φ) be the chain recurrent set of Φ and
is an attracting set and Ω 2 is a repelling set, R 1 is a compact invariant set. Hence, Lemma 2.2 implies that both of DΦ −t |Ẽ u (z) and DΦ t |Ẽ s (z) have exponential decay on R 1 . In particular, R 1 is a hyperbolic invariant set. The same argument as in Proposition 8.11 of [13] implies that periodic orbits are dense in R 1 .
Since 
also have uniform exponential decay on K 0 . The strong unstable manifold theorem implies that E uu is uniformly integrable on K 0 , and hence
We call the above subbundle E uu the strong unstable subbundle. Let F u and F uu be the foliations on M \Ω 0 generated by E u and E uu . Since Φ is contracting on each leaf of F uu , F uu contains no closed leaves. We remark some elementary properties of F u and F uu . First, we have
. Second, the Poincaré-Bendixon theorem implies that every periodic orbit is not null-homotopic in the leaf which contains it. Third,
is contracting on each leaf of F uu . By the same argument as above lemma, E s is C 1 on M \Ω 2 . Let F u be the foliation on M \Ω 2 generated by E s .
Lemma 2.5. For every z ∈ M \Ω 0 , either
By the above remark, F u (z) contains no periodic points. Suppose that F uu (z) = F uu (Φ T (z)) for some T > 0. Let I be the compact interval in F uu (z) which connects z and Φ
, the length of L is finite. Since Ω 0 is attracting and
Hence, there exists a fixed point p of Φ T . By Lemma 2.4, we obtain that
Lemma 2.6. Let p ∈ Per(Φ)\Ω 0 , q ∈ Per(Φ) 0 , and
. Then, the followings are equivalent:
There exists a neighborhood
3. There exists a loop γ such that
Proof. Choose a diffeomorphism ϕ :
For every p ∈ Per(Φ)\Ω 0 , let ∂ u p denote the set of all q ∈ Per(Φ) such that (p, q) satisfies the above conditions. Similarly, for every p ∈ Per(Φ)\Ω 2 , let ∂ s p denote the set of all q ∈ Per(Φ) such that a connected component of
3 Non-existence of repelling periodic orbits
In this section, we prove the following theorem. Fix a three dimensional close manifold M and a C 2 -regular and non-degenerate PA flow on M . Without loss of generality, we can assume that DΦ t | T Φ(z) = 1 for all z ∈ M and t ∈ R. Let Ω(Φ) = Ω 0 ⊔ Ω 1 ⊔ Ω 2 be the decomposition in Proposition 2.1, E uu be the strong unstable subbundle, F u , F uu be the foliations on M \Ω 0 generated by E u and E uu , and F s the foliation on M \Ω 2 generated by to E u . Since Φ is C 2 -regular, there exist C 2 foliations F u and F s on the whole manifold M generated by E u and E s respectively. Notice that F u and F s are restriction of F u on M \Ω 0 and F s on M \Ω 2 respectively.
For every p ∈ Per(Φ), let |O(p)| be the length of O(p) and define a loop γ p by
Proof. Choose a point q of the boundary F u (z) in the topology of F u (p). Since every normally attracting invariant torus is a closed leaf of
Lemma 3.4. Suppose that p ∈ Per(Φ)\Ω 0 and q ∈ Per 0 (Φ) satisfy that q ∈ ∂ u p.
Proof. Without loss of generality, we can assume that Im γ is a simple closed curve.
Since the linear holonomy of F u (q) along γ q is not trivial, there exists a neighbor-
is the unique leaf of the restricted foliation F u | U that has the non-trivial fundamental group. Notice that
Choose a sufficiently large T > 0 so that
and Int A is a connected component of F u (p) which contains Im γ.
We call the annulus A in the above lemma a connecting annulus of (p, q).
Proof. Choose an embedding ϕ : , 0) ), Lemma 3.3 for F s implies that there exists q ∈ Per(Φ)\Ω 2 such that ϕ({ǫ} × S 1 ) ⊂ F s (q). In particular, p ∈ ∂ s q. Let A be a connecting annulus of (p, q). Since A is transverse to F u , there exists a compact set B and a diffeomorphism α :
for all x ∈ [−1, 1] and t ∈ S 1 , and
Choose a small number ǫ > 0 so that (
and obtain another embedded torus T in W s (O(q)). Since O(q) is a deformation retract of W s (O(q)), both T and F u (p) are compressible tori. However, every three dimensional C 1 -regular PA flow has no invariant compressible tori (see Corollary 5.4 of [8] ). It completes the proof of the claim.
By comparing the linear holonomy of F u along γ p and γ q , γ p is homotopic to
The same argument as above for F u , ∂ u p contains no points in Per 0 (Φ). Hence, Lemma 3.
Suppose that p ′ ∈ ∂ u q for some p ′ ∈ Per 0 (Φ). Without loss of generality, we can assume that ϕ((0,
. By the same argument as above,
Now, we assume that Per 2 (Φ) is not empty. Fix p ∈ Per 2 (Φ). By Lemma 3.5, there exists q ∈ Per 1 (Φ) such that q ∈ ∂ s p and γ p is homotopic to γ p in a connecting annulus A of (p, q). Let B = z∈A F u (z) and ǫ 0 = |O(p)|/3. Remark that Lemma
Since A is transverse to
. if a loop in V + is not null-homotopic in V + , then its length is greater than 2ǫ,
Fix a smooth one dimensional foliation I on M which is transverse to F u .
Choose a system of coordinates
For every i = 1, . . . , N and z ∈ B ∩ U i , let B i (z) and F u i (z) be the connected components of B ∩ U i and F u (z) ∩ U i respectively which contain z.
and I B (z) be the connected component of I(z) ∩ B which contains z for every z ∈ B. Remark that I B (z) ⊂ B i (z) for every z ∈ B 0 ∩ U i .
For a C 1 map h : I→I ′ between intervals I, I ′ , we define the distortion of h by In particular, the holonomy map Hol(l ′ ) :
Proof. Let π i be composition of ϕ
and the projection to the third component. and {i k } n k=1 such that t 0 = 0, t n = 1, 
Without loss of generality, we can assume that (k, k ′ ) is the maximal pair with respect to the inclusion of intervals [k, We replace l by l 1 such that l 1 = l ′ on [s k , s k ′ ] and l 1 = l otherwise. By repeating this procedure, we obtained the required l * , {t k }, and {i k }.
Fix C
1 curves l Φ , l u : [0, 1]→V + \O(p) such that the unstable sets intersect transversely, the λ-lemma implies that ≪ is a partial order on {Λ i } and if Λ j ∈ S and Λ i ≪ Λ j then Λ i ∈ S. Let Λ i be the minimal element of S with respect to ≪ and fix p ∈ Per(Φ) ∩ Λ i . Then, W u (O(p))\O(p) is a subset of the union of the stable sets of normally attracting invariant tori. Since the stable set of normally attracting invariant torus is an open set, one of the connected component L p of F u (p)\O(p) is contained in W . Fix a simple closed curve γ in L p which is transverse to Φ. By Lemma 1 in Chapter III of [7] , F u | T * is a foliation without holonomy. In particular, it is topologically transitive to a linear foliation. Let L * be the leaf of F u | T * which contains Im π * • γ. Since γ is not null-homotopic in W p , π * • γ is not null-homotopic in L * . Hence, the holonomy of F u along γ is trivial. It contradicts that p ∈ Per 1 (Φ).
Therefore, we obtain that T * ∩ W u (Ω 1 ) = ∅. ) is transverse to Φ. Since the positive orbit {Φ t (z) | t > 0} intersects with T * at exactly one point for every z ∈ α 1 (T 2 × {1}), There exists an embedding α : T 2 × [0, 1]→W ∪ T ∪ T ′ such that α(T 2 × {0}) = T , α(T 2 × {1}) = T ′ and α(T 2 × (0, 1)) = W .
